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Abstract 
At present, the method of earned value management is often applied to the actual software projects in various 
IT companies. Also, open source software (OSS) are used under the various situations, because the OSS are 
useful for many users to make a cost reduction, standardization of systems, and quick delivery. Many OSS are 
developed under the peculiar development style known as bazaar method. According to the bazaar method, 
many faults are detected and fixed by developers around the world, and the fixed result will be reflected in the 
next release. In this paper, we discuss an OSS effort estimation model by using a conventional stochastic 
differential equation model. Moreover, we propose an optimal maintenance problem based on the proposed 
effort estimation model. Then, we discuss the optimal maintenance problem minimizing the maintenance effort 
and satisfying the earned value requirement, simultaneously. In addition, we also propose a method of judging 
whether the optimal maintenance time is an appropriate time from the viewpoint of the transition probability 
distribution of the cumulative number of maintenance effort, because proper management of maintenance 
effort affects software quality. Furthermore, several numerical examples of optimal maintenance time problem 
with earned value requirement are shown by using the effort data under actual OSS project. 
Keywords: Maintenance Effort, Reliability, Stochastic Differential Equation, Earned Value Management, 
Transition Probability Distribution, Open Source Project 
1. Introduction  
Source codes of open source software (OSS) are freely available for use, reuse, fix and re-distribution by the OSS 
users. Many OSS are known as high performance and reliability although they are free of charge. Also, many IT 
companies often develop OSS for commercial use, because of cost reduction, standardization of systems, and 
quick delivery. In particular, OSS are developed by using the bazaar method [1]. Then, the source code is 
implemented in public through the Internet. OSS are promoted by an unspecified number of users and 
developers. The bug tracking system is also known as one of the systems used to develop OSS. Many fault 
information such as fix status, their details, and fix priorities are recorded through the bug tracking system. 
Recently, an EVM (Earned Value Management) [2] is applied to the actual software projects under various IT 
companies. Also, many OSS are developed and managed by using fault big data recorded on the bug tracking 
systems. Considering the quality management of OSS project, many OSS are developed and maintained by 
several developers with many OSS users. The methods for reliability assessment of proprietary software and OSS 
have been proposed by several researchers [3-21]. However, the researches focused on the software effort 
expenditures of OSS have not been proposed. In particular, it is important to appropriately control the quality 
according to the progress status of OSS project. Also, the appropriate control of management effort for OSS will 
indirectly link to the quality, reliability, and cost. Moreover, it is useful for OSS project managers to decide the 
version upgrade if they can estimate the optimal maintenance time. 
In this paper, we propose a new OSS effort estimation model by using the conventional stochastic differential 
equation model based on the exponential model and the delayed S-shaped model [17] derived from the 
software reliability growth models [18-21] considering the characteristics of open source projects. We assume 
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that the number of developers and users change with irregularity. We can easily discover the regularity from 
various factors in open source projects. Then, we can apply the mathematical models with multiple parameters. 
However, it is difficult to actually use these models in terms of parameter estimation. In this paper, we apply a 
stochastic differential equation model with noise based on the Wiener process considering the specific 
circumstances of open source projects. The proposed model will be able to evaluate the project quantitatively 
considering external factors from indirectly in open source projects. Also, this paper discusses a useful method 
of OSS project management based on the earned value analysis considering the irregular fluctuation of 
performance resulting from the characteristics of OSS development and management. Moreover, we formulate 
the optimal maintenance time problem based on the proposed effort estimation model. We extend it to the 
optimization problem with requirements specification based on the proposed model by stochastic differential 
equation. Then, we find the optimum maintenance time by minimizing the total expected software maintenance 
effort. In, addition, we have verified whether the optimum maintenance time is suitable or not in terms of the 
cumulative number of reported faults, because proper management of maintenance effort affects software 
quality. Furthermore, several numerical examples of earned value analysis and effort optimization based on the 
proposed method are shown by using the effort data under actual OSS project. Especially, we focus on OSS 
development using the bug tracking system under operational phase in Figure 1. 
 
Figure 1: The OSS development using bug tracking system. 
2. Wiener process models for OSS stability assessment 
Considering the characteristic of the fault fixing in open source projects, the time-dependent effort expenditure 
phenomenon keeps an irregular state because there is variability among the levels of developer and skill through 
version-upgrade. In particular, OSS are developed and maintained by several developers and users. 
Considering the characteristic of the operation phase in OSS projects, the time-dependent effort expense 
phenomenon of operation phase keeps an irregular state. Then, the time-dependent effort expenditure 
phenomenon of maintenance phase becomes unstable. Thus, the operation phases of many OSS projects are 
influenced from external factors by triggers such as the difference of skill of developers and users, time lags of 
development and maintenance activities. From above points, we focus on the stochastic differential equation 
modeling to managing the OSS project. Then, let 𝛺(𝑡) be the cumulative maintenance effort up to operational 
time 𝑡(𝑡 ≥ 0) in the OSS project. Suppose that 𝛺(𝑡) takes on continuous real values. Since the maintenance 
effort expenditures are observed during the operational phase of the OSS project, 𝛺(𝑡) gradually increases as 
the operational procedures go on. Based on software reliability growth modeling approach [18-21], the 
following linear differential equation in terms of maintenance effort can be formulated: 
𝑑𝛺(𝑡)
𝑑𝑡
= 𝛽(𝑡){𝛼 − 𝛺(𝑡)},                                                                                       (1) 
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where 𝛽(𝑡) is the increase rate of maintenance effort at operational time 𝑡 and a non-negative function, and 𝛼 
means the estimated maintenance effort expenditures required until the end of operation. 
Therefore, we extend Eq. (1) to the following stochastic differential equation with Brownian motion [22]: 
𝑑𝛺(𝑡)
𝑑𝑡
= {𝛽(𝑡) + 𝜎𝜈(𝑡)}{𝛼 − 𝛺(𝑡)},                                                                   (2) 
where 𝜎 is a positive constant representing a magnitude of the irregular fluctuation, and 𝜈(𝑡) a standardized 
Gaussian white noise. By using Itô’s formula [23], we can obtain the solution of Eq. (2) under the initial condition 
𝛺(0) = 0 as follows: 
𝛺(𝑡) = 𝛼[1 − exp{− ∫ 𝛽
𝑡
0
(𝑠)𝑑𝑠 − 𝜎𝜔(𝑡)}],                                                                 (3) 
where 𝜔(𝑡) is one-dimensional Wiener process which is formally defined as an integration of the white noise 
𝜈(𝑡) with respect to time 𝑡. Moreover, we define the increase rate of maintenance effort expenditures in case of 
𝛽(𝑡) defined as [24]: 
𝛽(𝑡) ≐
𝑑𝐹∗(𝑡)
𝑑𝑡
𝛼 − 𝐹∗(𝑡)
.                                                                                                 (4) 
In this paper, we assume the following equations 𝐹∗(𝑡)′s based on software reliability growth models as  𝐹∗(𝑡)′s 
the cumulative maintenance effort function of the proposed model: 
𝐹𝑒(𝑡)  ≡  𝛼(1 − 𝑒
−𝛽𝑡),                                                                                           (5) 
𝐹𝑠(𝑡)  ≡ 𝛼{1 − (1 + 𝛽𝑡)𝑒
−𝛽𝑡}.                                                                            (6) 
where 𝛺𝑒(𝑡) means the cumulative maintenance effort expenditures for the exponential software reliability 
growth model with 𝐹𝑒(𝑡). Similarly, 𝛺𝑠(𝑡) is the cumulative maintenance effort expenditures for the delayed S-
shaped software reliability growth model with 𝐹𝑠(𝑡). 
Therefore, the cumulative maintenance effort up to time 𝑡 are obtained as follows: 
𝛺𝑒(𝑡) = 𝛼[1 − exp{−𝛽𝑡 − 𝜎𝜔(𝑡)}],                                                             (7) 
𝛺𝑠(𝑡) = 𝛼[1 − (1 + 𝛽𝑡)exp{−𝛽𝑡 − 𝜎𝜔(𝑡)}].                                             (8) 
In this model, we assume that the parameter 𝜎 depends on several noises by external factors from several 
triggers in open source projects. Then, the expected cumulative maintenance effort expenditures spent up to 
time 𝑡 are respectively obtained as follows: 
E[𝛺𝑒(𝑡)] = 𝛼[1 − exp{−𝛽𝑡 +
𝜎2
2
𝑡}],                                                                 (9) 
E[𝛺𝑠(𝑡)] = 𝛼 [1 − (1 + 𝛽𝑡)exp {−𝛽𝑡 +
𝜎2
2
𝑡}] .                                          (10) 
Similarly, we consider the sample path of maintenance effort expenditures required for OSS maintenance, e.g., 
the needed remaining maintenance effort expenditures from time 𝑡 to the end of the project are obtained as 
follows: 
𝛺𝑟𝑒(𝑡) = 𝛼exp{−𝛽𝑡 − 𝜎𝜔(𝑡)},                                                                     (11) 
𝛺𝑟𝑠(𝑡) = 𝛼(1 + 𝛽𝑡)exp{−𝛽𝑡 − 𝜎𝜔(𝑡)}.                                                     (12) 
Then, the expected maintenance effort expenditures required for OSS maintenance until the end of operation 
time 𝑡 are respectively obtained as follows: 
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E[𝛺𝑟𝑒(𝑡)] = 𝛼exp{−𝛽𝑡 +
𝜎2
2
𝑡},                                                                         (13) 
E[𝛺𝑟𝑠(𝑡)] = 𝛼(1 + 𝛽𝑡)exp {−𝛽𝑡 +
𝜎2
2
𝑡}.                                                      (14) 
3. Assessment Measures for EVM 
Considering the characteristic of the operation phase of OSS, the method of EVM is used for the project 
management under various IT companies. Generally, the EVM is applied to commonly software development 
projects. However, it is difficult to directly apply the EVM to the actual OSS project, because the development 
cycle of OSS project is different from the traditional software development paradigm. As the characteristics of 
OSS, the OSS development project is managed by using the bug tracking system. This paper proposes the 
method of earned value analysis for OSS projects by using the data sets obtained from bug tracking system. 
Considering the earned value analysis for OSS, we assume the following terms as the EVM for OSS: 
• Actual Cost (AC): Cumulative maintenance effort up to operational time 𝑡 considering the reporter and 
assignee 
• Earned Value (EV): Cumulative maintenance effort up to operational time 𝑡 considering the reporter 
• Cost Variance (CV): Fixing effort required for OSS maintenance up to operational time 𝑡, E[𝜃𝑒(𝑡)] and 
E[𝜃𝑠(𝑡)] 
• Cost Performance Index (CPI): E[𝐶𝑃𝐼𝑒(𝑡)] and E[𝐶𝑃𝐼𝑠(𝑡)] obtained from AC and EV 
• Estimate at Completion (EAC): E[𝐸𝐴𝐶𝑒(𝑡)] and E[𝐸𝐴𝐶𝑠(𝑡)] obtained from AC, EV, CPI, and BAC 
• Estimate to Completion (ETC): E[𝐸𝑇𝐶𝑒(𝑡)] and E[𝐸𝑇𝐶𝑠(𝑡)] obtained from AC, EV, CPI, BAC, and EAC 
• Budget at Completion (BAC): Planned Value (PV) in the end point as the specified goal of OSS project 
Then, the expected fixing effort required for OSS maintenance up to operational time 𝑡 in case of 𝛺𝑒(𝑡) and 
𝛺𝑠(𝑡) can be formulated as: 
E[𝜃𝑒(𝑡)] = E[𝛺𝑟𝑒
𝑟 (𝑡)] − E[𝛺𝑟𝑒
𝑟𝑎(𝑡)],                                                                (15) 
E[𝜃𝑠(𝑡)] = E[𝛺𝑟𝑠
𝑟 (𝑡)] − E[𝛺𝑟𝑠
𝑟𝑎(𝑡)].                                                                (16) 
where E[𝛺𝑟𝑒
𝑟𝑎(𝑡)] and E[𝛺𝑟𝑠
𝑟𝑎(𝑡)] are the expected maintenance effort expenditures considering the reporter and 
assignee until the end of operation. Also, E[𝜃𝑒(𝑡)]  and E[𝜃𝑠(𝑡)] mean the maintenance effort expenditures 
considering the reporter until the end of operation. Similarly, the sample path of fixing effort expenditures 
required for OSS project maintenance up to operational time 𝑡 in case of 𝛺𝑒(𝑡) and 𝛺𝑠(𝑡) are given by 
𝜃𝑒(𝑡) = 𝛺𝑟𝑒
𝑟 (𝑡) − 𝛺𝑟𝑒
𝑟𝑎(𝑡),                                                                          (17) 
𝜃𝑠(𝑡) = 𝛺𝑟𝑠
𝑟 (𝑡) − 𝛺𝑟𝑠
𝑟𝑎(𝑡).                                                                          (18) 
The zero point of fixing effort E[𝛺𝑒(𝑡)] and E[𝛺𝑠(𝑡)] mean the starting point of surplus effort. On the other hand, 
the zero point of fixing effort E[𝛺𝑒(𝑡)] and E[𝛺𝑠(𝑡)] is the end point of effort expenditures required in OSS 
project. Therefore, the OSS project managers will be able to judge the necessity of fixing effort and stability of 
OSS from the starting point of surplus effort. Moreover, we can obtain the CPI by using the following equations: 
E[𝐶𝑃𝐼𝑒(𝑡)] =
E[𝛺𝑟𝑒
𝑟 (𝑡)]
E[𝛺𝑟𝑒𝑟𝑎(𝑡)]
,                                                                                (19) 
E[𝐶𝑃𝐼𝑠(𝑡)] =
E[𝛺𝑟𝑠
𝑟 (𝑡)]
E[𝛺𝑟𝑠𝑟𝑎(𝑡)]
.                                                                                (20) 
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Similarly, the sample path of CPI in case of 𝛺𝑒 and 𝛺𝑠 are given by 
𝐶𝑃𝐼𝑒(𝑡) =
𝛺𝑟𝑒
𝑟 (𝑡)
𝛺𝑟𝑒𝑟𝑎(𝑡)
,                                                                                     (21) 
𝐶𝑃𝐼𝑠(𝑡) =
𝛺𝑟𝑠
𝑟 (𝑡)
𝛺𝑟𝑠𝑟𝑎(𝑡)
.                                                                                     (22) 
Furthermore, we can obtain the EAC by using the following equations: 
E[𝐸𝐴𝐶𝑒(𝑡)] = E[𝛺𝑟𝑒
𝑟𝑎(𝑡)] +
(𝐵𝐴𝐶 − E[𝛺𝑟𝑒
𝑟 (𝑡)])
E[𝐶𝑃𝐼𝑒(𝑡)]
,                                                       (23) 
E[𝐸𝐴𝐶𝑠(𝑡)] = E[𝛺𝑟𝑠
𝑟𝑎(𝑡)] +
(𝐵𝐴𝐶 − E[𝛺𝑟𝑠
𝑟 (𝑡)])
E[𝐶𝑃𝐼𝑠(𝑡)]
.                                                       (24) 
Similarly, the sample path of EAC in case of 𝛺𝑒 and 𝛺𝑠 are given by 
𝐸𝐴𝐶𝑒(𝑡) = 𝛺𝑟𝑒
𝑟𝑎(𝑡) +
(𝐵𝐴𝐶 − 𝛺𝑟𝑒
𝑟 (𝑡))
𝐶𝑃𝐼𝑒(𝑡)
,                                                                  (25) 
𝐸𝐴𝐶𝑠(𝑡) = 𝛺𝑟𝑠
𝑟𝑎(𝑡) +
(𝐵𝐴𝐶 − 𝛺𝑟𝑠
𝑟 (𝑡))
𝐶𝑃𝐼𝑠(𝑡)
.                                                                  (26) 
Finally, we can obtain the ETC by using the following equations: 
E[𝐸𝑇𝐶𝑒(𝑡)] =
(𝐵𝐴𝐶 − E[𝛺𝑟𝑒
𝑟 (𝑡)])
E[𝐶𝑃𝐼𝑒(𝑡)]
,                                                                              (27) 
E[𝐸𝑇𝐶𝑠(𝑡)] =
(𝐵𝐴𝐶 − E[𝛺𝑟𝑠
𝑟 (𝑡)])
E[𝐶𝑃𝐼𝑠(𝑡)]
.                                                                              (28) 
Similarly, the sample path of ETC in case of 𝛺𝑒 and 𝛺𝑠 are given by 
𝐸𝑇𝐶𝑒(𝑡) =
(𝐵𝐴𝐶 − 𝛺𝑟𝑒
𝑟 (𝑡))
𝐶𝑃𝐼𝑒(𝑡)
,                                                                                  (29) 
𝐸𝑇𝐶𝑠(𝑡) =
(𝐵𝐴𝐶 − 𝛺𝑟𝑠
𝑟 (𝑡))
𝐶𝑃𝐼𝑠(𝑡)
.                                                                                  (30) 
In particular, the CPI is very important for OSS project managers to assess the stability of OSS project. 
4. Optimum Maintenance Time Problem Based on Wiener Process Models 
This section discusses the optimal maintenance time problem by minimizing the maintenance effort 
expenditures for the operation of OSS. Then, we define the following effort rate parameters: 
𝑒1 : the maintenance effort per effort needed to operate OSS, 
𝑒2 : the operation effort per unit time during the operation, 
𝑒3 : the maintenance effort per effort after the upgrade task such as major version upgrade. 
Then, the expected maintenance effort expenditures in the operation of OSS can be formulated as: 
𝐸1(𝑡) = 𝑒1E[𝛺∗
𝑟𝑎(𝑡)] + 𝑒2𝑡.                                                                              (31) 
Also, the expected software maintenance effort expenditures after the maintenance of OSS is represented as 
follows: 
𝐸2(𝑡) = 𝑒3E[𝐸𝑇𝐶∗(𝑡)].                                                                                   (32) 
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In particular, we consider ETC obtained from EVM as the software maintenance effort after the maintenance of 
OSS. 
Consequently, from Eqs. (31) and(32), the total expected software maintenance effort expenditures during the 
specified period such as the specified version is given by 
𝐸(𝑡) = 𝐸1(𝑡) + 𝐸2(𝑡).                                                                                (33) 
The optimum maintenance time 𝑡∗ is obtained by minimizing 𝐸(𝑡) in Eq. (33). 
It is important for the OSS managers to find the optimal maintenance time considering the total expected 
software maintenance effort simultaneously with requirement specification such as CPI. This section focuses on 
the optimal maintenance problem with requirement specification. Also, we consider CPI as the requirement 
specification. Then, the optimal maintenance time problem with requirement specification is defined as follows: 
min
𝑡
𝐸(𝑡),                                                                                                                      
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐶𝑃𝐼∗(𝑡) ≥ 1.0.                                                                             (34)
 
5. Verification Method of Derived Optimum Maintenance Time 
Although the optimal maintenance time can be derived using Eq.(34), there has been no research on whether 
the maintenance time is appropriate. In this paper, we judge whether the optimal maintenance time is an 
appropriate time from the viewpoint of the transition probability distribution of the number of faults reported. 
Specifically, we predict the cumulative number of reported faults reported using the equation in section 2. Then, 
the transition probability distribution of the cumulative number of reported faults is derived, and the time when 
most faults in OSS are reported is predicted. Finally, we examine the appropriateness of the optimal maintenance 
time by comparing the optimal maintenance time with the time when most faults in OSS are reported. 
In the following formula, 𝛺(𝑡) is the cumulative reported fault number up to operational time 𝑡(𝑡 ≥ 0) in the 
OSS project. Also, 𝛽(𝑡) is the increase rate of the number of reported faults at operational time t and a non-
negative function, and 𝛼 is the estimated number of reported faults required until the end of operation, and 𝜎 
is a positive constant representing a magnitude of the irregular fluctuation. 
Since the Wiener process 𝜔(𝑡) is a Gaussian process, log{α − Ω(t)} is also a Gaussian process. The mean of 
log{α − Ω(t)} are derived as follows: 
E[log{𝛼 − 𝛺𝑒(𝑡)}] = log𝛼 − 𝛽𝑡,                                                                     (35) 
E[log{𝛼 − 𝛺𝑠(𝑡)}] = log𝛼 − 𝛽𝑡 + log(1 + 𝛽𝑡).                                         (36) 
Also, The variance of log{α − Ω(t)} are derived as follows: 
Var[log{𝛼 − 𝛺𝑒(𝑡)}] = 𝜎
2𝑡,                                                                           (37) 
Var[log{𝛼 − 𝛺𝑠(𝑡)}] = 𝜎
2𝑡.                                                                           (38) 
Thus, the following equation is derived: 
Pr[log{𝛼 − 𝛺𝑒(𝑡)} ≤ 𝑥] = 𝛷 (
𝑥 − log𝛼 + 𝛽𝑡
𝜎√𝑡
),                                                     (39) 
Pr[log{𝛼 − 𝛺𝑠(𝑡)} ≤ 𝑥] = 𝛷 (
𝑥 − log𝛼 + 𝛽𝑡 − log(1 + 𝛽𝑡)
𝜎√𝑡
),                                 (40) 
where 𝑥 is the cumulative fault fixing time at time 𝑡. Also, 𝛷 means standard normal distribution and is defined 
as follows: 
𝛷(𝑥) =
1
√2𝜎
∫ exp
𝑥
−∞
(−
𝑦2
2
) 𝑑𝑦.                                                                    (41) 
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Considering the above points, the transition probability distributions of 𝛺𝑒(𝑡) and 𝛺𝑠(𝑡) are obtained as: 
Pr[𝛺(𝑡) ≤ 𝑛|𝛺𝑒(0) = 0] = 𝛷 (
log
𝛼
𝛼 − 𝑛 − 𝛽𝑡
𝜎√𝑡
) ,                                                     (42) 
Pr[𝛺(𝑡) ≤ 𝑛|𝛺𝑠(0) = 0] = 𝛷 (
log
𝛼
𝛼 − 𝑛 − 𝛽𝑡 + log
(1 + 𝛽𝑡)
𝜎√𝑡
) .                         (43) 
6. Application of proposed method to actual data 
We discuss the applicability as a method for evaluating the stability of a project by applying actual open source 
project data to the proposed model. 
6.1. Used data set 
In this paper, we used one open source projects to derive the optimum maintenance time and assess the 
applicability of the time. For applying the proposed model to actual project data, we use the data of OpenStack 
[25] obtained from Bugzilla. OpenStack is open source software for cloud computing. This project use Bugzilla 
as open source bug tracking system. The information about reported faults is freely available from the bug 
tracking system. In particular, the effort data and fault data we obtained from Bugzilla are version 16(Pike). From 
the data used in this research, the cumulative number of reported faults is 2249. Also, each data is weekly unit 
data. Especially, we used only for fixed faults as the number of fix faults. 
6.2. Application of the proposed method 
We apply the maintenance effort and number of cumulative reported faults derived in Section 2 to OpenStack 
project data. In this paper, we have estimated the parameters by the method of maximum likelihood. 
In this section, the estimation method of unknown parameters 𝛼, 𝛽, and 𝜎 in Eqs.(9) and (10) is presented. The 
joint probability distribution function of the process 𝛺(𝑡) as 
𝑃(𝑡1,  𝑦1;  𝑡2,  𝑦2;  ⋯ ;  𝑡𝐾 ,  𝑦𝐾) ≡ Pr[𝛺(𝑡1) ≤ 𝑦1,  ⋯ ,  𝛺(𝑡𝐾) ≤ 𝑦𝐾|𝛺(𝑡0) = 0].                              (44) 
The probability density of Eq. (44) is denoted as 
𝑝(𝑡1,  𝑦1;  𝑡2,  𝑦2;  ⋯ ;  𝑡𝐾 ,  𝑦𝐾) ≡
𝜕𝐾𝑃(𝑡1,  𝑦1;  𝑡2, 𝑦2;  ⋯ ;  𝑡𝐾 ,  𝑦𝐾)
𝜕𝑦1𝜕𝑦2 ⋯ 𝜕𝑦𝐾
.                                   (45) 
Since 𝐸(𝑡) takes on continuous values, the likelihood function, 𝑙, for the observed data (𝑡𝑘, 𝑦𝑘)(𝑘 = 1,2, ⋯ , 𝐾) is 
constructed as follows: 
𝑙 = 𝑝(𝑡1,  𝑦1;  𝑡2,  𝑦2;  ⋯ ;  𝑡𝐾 ,  𝑦𝐾).                                                                      (46) 
For convenience in mathematical manipulations, the following logarithmic likelihood function is used: 
𝐿 = log𝑙.                                                                                                (47) 
The maximum-likelihood estimates 𝛼∗, 𝛽∗, and 𝜎∗ are the values making 𝐿 in Eq.(47) maximize. These can be 
obtained as the solutions of the following simultaneous likelihood equations: 
𝜕𝐿
𝜕𝛼
=
𝜕𝐿
𝜕𝛽
=
𝜕𝐿
𝜕𝜎
= 0.                                                                                  (48) 
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6.3. Numerical examples for optimum maintenance time 
Table 1 shows the results of parameter estimation of maintenance effort, and AIC (Akaike’s Information 
Criterion). In terms of AIC, the exponential model fits better than the delayed S-shaped model. Also, the 
estimated cumulative fixing time 𝛼 becomes higher than one of exponential model. In other words, we find that 
the exponential model is more pessimistically estimation than the delayed S-shaped model in terms of the data 
applied in this paper. 
Table 1: Parameter estimates of maintenance effort in case of OpenStack. 
 
reporter and assignee (AC) reporter (EV) 
exponential 
delayed 
S-shaped 
exponential 
delayed 
S-shaped 
parameter 
𝛼 7.523 × 103 7.013 × 103 4.303 × 103 3.253 × 103 
𝛽 1.807 × 10−2 3.836 × 10−2 1.008 × 10−2 3.507 × 10−2 
𝜎 1.781 × 10−2 2.418 × 10−2 6.963 × 10−3 1.630 × 10−2 
AIC 1265.904 1268.123 1015.074 1041.897 
 
Figures 2 and 3 show the estimated maintenance effort required until the end of operation in case of 𝛺𝑒(𝑡) and 
𝛺𝑠(𝑡). From Figures 2 and 3, we found that the estimated maintenance effort expenditures required at the end 
of operation in case of 𝛺𝑒(𝑡)  is negatively estimated than the case of 𝛺𝑠(𝑡) . Moreover, we show several 
numerical examples based on the optimal maintenance problems which are discussed in section 5. Figure 4 
shows the estimated cumulative maintenance effort expenditures in case of exponential model, E[𝐸𝑒(𝑡)] and 
𝐸𝑒(𝑡), respectively. Also, Figure 5 shows the estimated total software effort in case of S-shaped model, E[𝐸𝑠(𝑡)] 
and 𝐸𝑠(𝑡), respectively. In case of exponential model, we find that the optimum maintenance time is derived as 
𝑡∗ = 3.408(177.8 weeks) years in case of (BAC=1.2e+04) in Figure 4. In addition, in case of S-shaped model, the 
optimum maintenance time is derived as 𝑡∗ = 5.888(307.2 weeks) years in case of (BAC=1.2e+04) in Figure5. 
Furthermore, the estimated cumulative effort expenditures with stability requirement in case of exponential 
model and delayed S-shaped model is shown in Figure 6 and 7, respectively. The time for CPI ≥ 1 was 1.363 
years (71.140 weeks) for exponential model and 5.215 years (307.2 weeks) for S-shaped model. From the above 
results, the estimated optimal maintenance time is about 𝑡∗ = 3.408 years (177.8 weeks) for exponential model 
and 𝑡∗ = 5.888 years (307.2 weeks) for S-shaped model in case of considering CPI as stability requirement. 
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Figure 2: The remaining maintenance effort of OpenStack project using exponential model in Eqs.(11) 
and (13). 
 
 
Figure 3: The remaining maintenance effort of OpenStack project using S-shaped model in Eqs.(12) and 
(14). 
 
Figure 4: The estimated cumulative maintenance effort in case of E[𝑬𝒆(𝒕)] and 𝑬𝒆(𝒕). 
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Figure 5: The estimated cumulative maintenance effort in case of E[𝑬𝒔(𝒕)] and 𝑬𝒔(𝒕). 
 
 
Figure 6: The estimated CPI in case of Eqs.(19) and (21). 
 
Figure 7: The estimated CPI in case of Eqs.(20) and (22). 
6.4. Numerical examples considering the confidence interval of optimum maintenance time 
In order to evaluate the performance of the optimum maintenance time derivation method in Section 7.3, we 
compare with two models for the cumulative number of faults. Table 2 shows the results of parameter estimation 
of cumulative number of reported faults, and AIC. In terms of AIC, the delayed S-shaped model fits better than 
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the exponential model for model. In addition, Figures 8 and 9 show the estimated cumulative number of faults 
required until the end of operation in case of 𝛺𝑒(𝑡) and 𝛺𝑠(𝑡). 
Table2: Parameter estimation in OpenStack. 
 
the number of reported faults  
of OpenStack 
exponential delayed S-shaped 
parameter 
𝛼 2.513 × 103 2.441 × 103 
𝛽 1.911 × 10−2 3.550 × 10−2 
𝜎 1.852 × 10−2 1.953 × 10−2 
AIC 1011.621 994.440 
 
 
Figure 8:  The number of remaining faults of OpenStack project using exponential model in Eqs.(11) 
and (13). 
 
Figure 9: The number of remaining faults of OpenStack project using delayed S-shaped model 
 in Eqs.(12) and (14). 
For predicting the time when reported faults reach 50%, 70%, 90%, and 99%, transition probability distributions 
are shown in Figures 10 and 11 using Eqs. 42 and 43 respectively. In particular, in Figures 10 and 11, the time 
for the cumulative number of reported faults to reach 99% with a probability of 95% is 5.139 years (268.128 
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weeks) and 3.873 years (202.077 weeks), respectively. Since the estimated times are close to the optimum 
maintenance time derived in section 7.3, we can determine the optimum maintenance time as reasonable. 
 
Figure 10: The transition probability distribution of the number of reported faults in case of Eq.(42). 
 
Figure 11: The transition probability distribution of the number of reported faults in case of Eq.(43). 
For performance assessment of the optimum maintenance time derivation method in Section 6.3, we use the 
estimated total software effort using exponential model and transition probability using delayed S-shaped 
model, because of AIC. Figure 12 shows the result of the estimated cumulative maintenance effort expenditures 
using exponential model. Simultaneously, From Figure 12, the optimum maintenance time in case of three 
pattern respectively is roughly an appropriate prediction, because the optimum maintenance time is near the 
time when the transition probability of cumulative reported faults reaches 95%. In other words, the OSS 
maintains high quality at the optimum maintenance time. 
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Figure 12: The estimated total software effort and the transition probability of cumulative reported 
faults. 
From the above, it is possible to evaluate the optimum maintenance time considering the risk of system failure 
due to undiscovered faults by predicting the reporting status of potential faults. 
7. Conclusions 
The method of EV analysis considering various external factor associated with OSS project has been discussed 
in this paper. It will be important for the OSS project managers to control the progress of OSS project in terms 
of the OSS management effort. Also, the appropriate control of management effort for OSS will indirectly link 
to the quality, reliability, and cost reduction of OSS. In terms of OSS management effort, we have proposed the 
method of EV analysis based on the stochastic differential equation model. Moreover, it is important to decide 
the optimal length of version upgrade duration and maintenance time considering the operation status of OSS 
project management. The optimal maintenance time problem based on maintenance effort for OSS have been 
proposed in this paper. In particular, we have defined the optimal maintenance time problems considering the 
CPI as the stability and requirement specification. 
In the past, it has been difficult to control the OSS quality and manage the project under the traditional method 
based on fault data for software reliability assessment. By focusing on the reporter and assignee on the fault big 
data recorded on the bug tracking system of OSS project, we have proposed a new approach based on the 
earned value and optimal maintenance time problem considering the project stability by using OSS effort data. 
In particular, this paper has proposed the method of earned value analysis for OSS project considering the 
irregular fluctuation from the characteristics of OSS development and management. In addition, we have judged 
whether the optimal maintenance time is an appropriate time from the viewpoint of the transition probability 
distribution of the cumulative number of reported faults, because proper management of maintenance effort 
affects software quality. As a result, we derived the optimum maintenance time from the proposed models. The 
proposed method may be helpful as the assessment method of the progress of the OSS project in operation 
phase. Also, we have found that our method can assess the stability and effort control considering the 
operational environment of OSS. Moreover, the method of optimal maintenance time problem considering the 
OSS project stability in order to decide the optimal maintenance time has been discussed in this paper. 
Furthermore, the data set of actual OSS effort has been analysed to show numerical examples of the progress 
analysis and optimum maintenance time considering stability for an OSS project. 
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